The main subject of the research reported in this paper is to understand how the complexity of the earth's subsurface is transferred to the wavefield. It As a consequence of the ever increasing demand for hydrocarbons and the steadily decline of newly explored resources an uprise has taken place in the production oriented seismic technology. The ambitions set by this new orientation are far more ambitious since they aim for the petrophysical and lithological information, sometimes even in a 4-D setting. For this reason the integration of different types of data, acquired within the disciplines of seismology and petrophysics, will be all important in the quest to further optimize the current production techniques. Given this ambitious goal it will be necessary to interrelate measurements obtained at varying scales. This has been and still is the primary goal of this research project where I try to improve my understanding of the dynamics of waves interacting with a medium the properties of which display a wild fluctuating behaviour across a wide range of scales. The main questions emerging in this project are at best paraphrased by: Is it possible to come up with a dynamic wave theory explaining for the apparent dispersion and reflection induced by scaling/nondifferentiable medium heterogeneities? Is it possible to come up with a "dynamic wave 1 theory" allowing for a better integration of data acquired at different scale ranges? Before trying to answer these eloquent questions it is of primary importance to first find an adequate, (mathematically) proper, representation for the the medium's erratic heterogeneity. As I will make clear the con-1 Not necessarily the common wave theory but possibly a generalized theory including scale dynamics [7] . tinuous wavelet transform, the CWT, not only provides a proper multiscale representation, hosting the complexity, but it also fascilitates the introduction of a multiscale analysis and subsequent (mathematical) characterization, unraveling the scaling structure of the well-log's complexity. This characterization consists of: a local multiscale analysis to be associated with the local 2 spatial averaging process being responsible for the reflections; as well as of a global multiscale analysis technique -on its turn reflecting the spatial (self-)averaging process, over the propagation distance -underlying the heterogeneity induced dispersion. Given the multiscale characterization one is set to coin the question what the implications are of these findings in relation to the formulation of the current model for acoustic wave motion? Is the wave equation able to "propagate" the singularities in the constitutive coefficients towards the wavefield and vice versa? The setup of this paper is as follows. First of all the scaling medium representation will be introduced followed by a review of the multiscale analyses techniques set to work on a well-log measurement. The paper will be concluded by a discussion on the multiscale analysis findings in relation to the founding principles under which the local form of the wave equation has been derived.
Introduction
As a consequence of the ever increasing demand for hydrocarbons and the steadily decline of newly explored resources an uprise has taken place in the production oriented seismic technology. The ambitions set by this new orientation are far more ambitious since they aim for the petrophysical and lithological information, sometimes even in a 4-D setting. For this reason the integration of different types of data, acquired within the disciplines of seismology and petrophysics, will be all important in the quest to further optimize the current production techniques. Given this ambitious goal it will be necessary to interrelate measurements obtained at varying scales. This has been and still is the primary goal of this research project where I try to improve my understanding of the dynamics of waves interacting with a medium the properties of which display a wild fluctuating behaviour across a wide range of scales. The main questions emerging in this project are at best paraphrased by: Is it possible to come up with a dynamic wave theory explaining for the apparent dispersion and reflection induced by scaling/nondifferentiable medium heterogeneities? Is it possible to come up with a "dynamic wave 1 theory" allowing for a better integration of data acquired at different scale ranges? Before trying to answer these eloquent questions it is of primary importance to first find an adequate, (mathematically) proper, representation for the the medium's erratic heterogeneity. As I will make clear the con-tinuous wavelet transform, the CWT, not only provides a proper multiscale representation, hosting the complexity, but it also fascilitates the introduction of a multiscale analysis and subsequent (mathematical) characterization, unraveling the scaling structure of the well-log's complexity. This characterization consists of: a local multiscale analysis to be associated with the local 2 spatial averaging process being responsible for the reflections; as well as of a global multiscale analysis technique -on its turn reflecting the spatial (self-)averaging process, over the propagation distance -underlying the heterogeneity induced dispersion. Given the multiscale characterization one is set to coin the question what the implications are of these findings in relation to the formulation of the current model for acoustic wave motion? Is the wave equation able to "propagate" the singularities in the constitutive coefficients towards the wavefield and vice versa? The setup of this paper is as follows. First of all the scaling medium representation will be introduced followed by a review of the multiscale analyses techniques set to work on a well-log measurement. The paper will be concluded by a discussion on the multiscale analysis findings in relation to the founding principles under which the local form of the wave equation has been derived.
Scaling medium representation
It can be shown [3] that the CWT provides the proper functional representation to host the complexity as being diplayed by well-log measurements. The continuous wavelet transform of a signal, f, [6, 1] It can be shown that the mapping f 7 ! hf; ;xi constitutes a regularization of f via the principle that the singularities in f, yielding divergencies, are absorbed by the wavelet in the sense of distributions [6, 1, 3] . This regularization process goes, however, at the expense of adding a second parameter, scale, and corresponds to the replacement of a discription of f as a func- 2 Over the gauge/yardstick of the wavefield. Defining this gauge is one of the main puzzles. 3 Defined as hf; gi , R f(x)g (x)dx, with denoting the complex conjugate and f, g arbitrary functions. 4 A wavelet that is smooth enough and having an adequate number of vanishing moments. If these conditions are not adhered to then the analysis will be dominated by the properties of the wavelet itself rather than by the function to be analyzed, the results will be erroneous [1] .
tion, assigning a value to a point, to a discription in terms of a functional (tempered distribution), assigning a value to a scale indexed vector space of wavelets (test functions). See Fig. 1 for a graphical explanation of the idea. Notice that the well-log data display a strong scale dependence judged by the fact that the wavelet coefficients (see Fig. 1 below) -expressing the change induced by an infinitismal change in resolution -are of significant magnitude. Before going into detail on the implication of the phenomologicaly observed scale dependence on the current model for acoustic wave motion I would like to first establish the apparatus to rigorously measure (characterize) the singularities being omnipresent in the complexity.
Multiscale analysis and characterization of well-log data
The essential information in a signal 5 is generally carried by its regions of rapid variation, by its boundaries or edges [6, 3] . Mathematically these regions correspond to the so-called essential points or singularities delineating the irregularities or transitions in the signal. A basic property, besides the locality, of a singularity is the notion that it manifests itself throughout a wide scale range and that is the reason why it can be detected. Given the above scale transformation, it is possible to measure the singularities localy, by inspecting the decay rate of the wavelet coefficients in space-scale plane, or globally by inspecting the behaviour of a partition function defined in terms of the CWT. In order to circumvent the inspection of the whole redundant space-scale space an efficient partitioning of this space is proposed. This partitioning is effectuated by reviewing the space-scale behaviour of the wavelet transform modulus maxima lines, the WTMML's, that interconnect (see Fig's 1, 2 and 3 ) the extrema of the CWT, the regions of rapid variation, across the different scales [6, 1, 3] . Given this partitioning one can define the apparatus to conduct the local multiscale analysis via inspection of the jWff; g( ; x)j's on the WTMML's, see Fig. 2 
(b)-(f).
At this point Hölder exponents, , can be introduced as order of magnitude estimates assessing the local degree of differentiability. A signal/function f is called Hölder at a point when it is times differentiable (for > 0). For < 0 is is singular and not longer continuous. The scaling exponents are estimated by analyzing the WTMML's in the log-scale log-amplitude space. In Fig. 2 the global multiscale analysis via inspection of the partition function, Zff; g( ; q) = 1 P m2M WTMML (m)] q , where the WTMML (m) refers to a maximum, a WTMM, at scale yielded by the m th WTMML. The partition function (see Fig. 3 (c) ) unravels the hierarchy of the scaling exponents. This can easiest be seen by introducing the singularity spectrum (see Fig. 3 (e) ) which expresses the "rate of occurance" of a certain singularity. To be more precise the singularity spectrum, f( ), is given by, f( ) = dimHfx0 2 Rj (x0) = g, where dimH is the Hausdorff dimension [1, 3] . It delineates the dimH to be associated with the set of points the Hölder exponent of which lie between and + d and is related, via the Legendre transform, to the mass exponent function, (q), describing the scaling according to H , ?f (q)gq=1, where H denotes the rate of non-conservation of the mean, the non-stationarity [9, 4] . The endpoints of the singularity spectrum provide information on the global differentiability of the function [4] and are defined as min = max , f@q (q)gq! 1. The min refers to the strongest singularities to be associated with the regions that are the least differentiable whereas the max refers to the most regular regions. Finally, one can identify the fractal dimension in which the measure is concentrated by way of, 1 , f@q (q)gq=1, defining the information dimension D1 = f( 1). Fig. 2 and Fig. 3 shows that the multiscale analyzing method and the subsequent characterization works for welllogs. This notion becomes manifest in the fact that the analysed data can not be discerned from being multifractal for an inertial range of 2 5m; 160m]. This not only becomes evident from the behaviour displayed by the Z( ; q) but also from the observation that the local estimates vary spatially. Notice that this observation is supported by the findings of e.g. [8, 5] .
Inspection of
The endpoints for the f( ) are found to be min = ?0:12 and max = 1:63 whereas the the non-conservation of the mean equals H = 0:21.
Discussion
What is to be learned from the above described findings? In my opinion the mathematical observation that comes to mind first is the notion that the well-logs can -within the specified inertial scale range -not be discerned from being non-integrable and non-differentiable. What are the consequences of this in the light that differentiability, for instance, forms one of the predominant cornerstones on which many laws of physics are based (the wave equation, as such, does not form an exception)? To the author's opinion the answer to this question lies in a re-evaluation of the assumptions required to arrive at the constitutive relations. These constitutive relations are necessary to couple the medium properties to the transient wavefield, via Reynolds' transport theorem. In fact this theorem allows, in the linear regime, the time derivative to commute 7 with the coarse graining, i.e. d dt hfg; (t);x i = hf@tg; (t);x i, with (t);x being, for instance, the characteristic function with a support, (t), which is indexed by the time. In case the generalized second law of Newton is of concern f represents the density of mass, , and g the particle velocity v. It appears that the above equality is only valid [2] when the local continuity equation of mass flow holds, i.e. when @t (x; t) + @x( (x; t)v(x; t)) = 0, in the abscence of creation/annilation of mass. Clearly this continuity equation requires smoothness for the density -a notion not striding well with the multiscale analysis findings -while, more physically speaking, it is based on the continuum hypothesis. This hypothesis assumes a distinct seperation of scales inherent in the constitutive parameters (density of mass, , and compressibility ), a notion that also does not reconcile well with the multiscale findings. So what happened is that by invoking Reynolds' transport theorem one got rid of the scale, the (t). Obviously the multiscale analysis have indicated that the constitutive parameters depend significantly on the scale. Within the problem of acoustic wave motion the lack of a separation of scales gives rise to a significant scale dependence of, say, the compressional wavespeed. Physically speaking this means that the compressional wavespeed can only be given a meaning by assimilating a spatial gauge onto the wavefield, a notion not easily solved since the main canditate for this gauge, the wavelength, itself depends on the compressional wavespeed [3] . With other words one may argue that the current formulation for the dynamics breaks down in this situation, an observation substantiated by the inexistence of a dynamic homogenization theory for acoustic wave propagation. For that reason the future aim of my research will be focussed on finding an alternative representation for wave propagation valid in media that display a significant scale dependence within the scale range of interest. In this representation I envisage scale derivatives to emerge, that capture the scale dynamics, i.e. I expect them to detect the singularities in the constitutive parameters. This detection is then followed by a congruent action of this scale derivative invoking not only a spatial dilatation, on the spatial gauge, but also a transfer of the singularities from space to time. In this, the scale operator acts as the infinitesimal generator for the dilatations. By all means an alternative approach will be void of a physical meaning when it does not adhere to some sort of "correspondence principle". This principle guarantees the generalized formulation to match the results obtained by the conventional formulation in cases there is no longer a significant scale dependence 8 or where imposing boudary conditions suffices.
Conclusions
The objective of finding an appropriate functional discription by means of the CWT has succesfully allowed for the necessary regularization and mathematical characterization. The introduction of the effective multiscale partitioning, obtained by the WT-MML's, also proved to be benificial because it can be shown that these WTMML's trigger on the "edges", the singularities in the medium parameters. Clearly this opens the way for the association singularity versus reflector. The subsequent local/global characterization and parametrization not only gave specific estimates for the local degree of differentiability but also information on the global behaviour of, say, the statistical moments. The application area for this information lies in the field of amplitude processing, AVO analysis and inversion. Especially I would like to remark that the estimates for the local scaling exponentsthe Hölder exponents quantifying the local complexity -from well-logs must in one way or another map to the AVO and dynamic (frequency dependent) behaviour as evidenced from surface and/or borehole oriented seismic data. By doing so they are potential litho-stratigraphic indicators. But above all the main objective of this research has been and still is to close the gap between well and seismic data. I believe that the introduction of the scaling medium representation constitutes a first step towards this objective which eventually may yield a generalized formulation, from first principles, that accounts for the notion of scaling and scale dynamics in acoustic wave propagation. 
